We have derived effective gravitational field equation on a lower dimensional hypersurface (known as a brane), placed in a higher dimensional bulk spacetime for both Einstein and f (R) gravity theories. We have started our analysis on n-dimensional bulk from which the effective field equation on a (n − 1)-dimensional brane has been obtained by imposing Z2 symmetry. Subsequently, we have arrived at the effective equation in (n − 2)-dimensions starting from the effective equation for (n − 1) dimensional brane. This analysis has been carried forward and is used to obtain the effective field equation in (n − m)-dimensional brane, embedded in a n-dimensional bulk. Having obtained the effective field equation in Einstein gravity, we have subsequently generalized the effective field equation in (n − m)-dimensional brane which is embedded the n-dimensional bulk spacetime endowed with f (R) gravity. Finally we have presented an application of our result in cosmological context.
Introduction
One of the fundamental problems in theoretical physics amounts to unifying all known interactions. A consistent unification of gravity with the other fundamental interactions has been an active area of research over many years. One of the leading contenders along this direction is superstring theory. In superstring theory the universe is assumed to be 11-dimensional of which seven are compactified leaving four non-compact dimensions, which we observe. Among various candidates, the 10-dimensional E 8 × E 8 heterotic string theory is a strong candidate as the theory is able to accommodate the standard model within it. Recently it has been shown that the 10-dimensional E 8 × E 8 heterotic string theory is related to the 11-dimensional M theory (with an orbifold symmetry S 1 /Z 2 ). This also confines the standard model particles to standard non-compact 4-dimensional spacetime while gravity can probe the higher dimensional spacetime [1] [2] [3] .
A simplistic model which captures most of the key notions is a 5-dimensional model in which matter fields are confined to 4-dimensional spacetime while gravity exists in all the five spacetime dimensions. The first step along this direction with this simplified picture presented above was taken by Randall and Sundrum by introducing two 4-dimensional sub-manifolds (known as brane) in a 5-dimensional anti-de Sitter bulk [4] . This arrangement of two positive and negative tension branes separated by a finite distance (known as radion field [5] [6] [7] ) can address the hierarchy problem by lowering the Higgs mass to electroweak scale on the visible brane. Subsequently, they have introduced another model, which consists of a positive tension brane with an infinite extra dimension [8] . Due to the presence of an extra spacetime dimension it is expected that there would be deviation of various physical results from Einstein gravity, which would become more significant in the high energy limit. The brane world model subsequently, was applied in the context of particle phenomenology [9] [10] [11] [12] [13] , black hole physics [14] [15] [16] [17] [18] and cosmology [7, [19] [20] [21] [22] .
A natural extension of the Randall-Sundrum (RS) scenario to models with more than one warped extra dimension have been proposed, where several independent S 1 /Z 2 orbifold is considered along with the 4-dimensional non-compact manifold M 4 [23] [24] [25] [26] [27] . These multiply warped models are mainly motivated from various considerations, which include: radion stabilization, fermion mass hierarchy in Standard Model etc. There have been significant number of follow-up works in these multiply warped models which involves: inflation, cosmic acceleration, matter field localization, Kaluza-Klein modes of graviton, gauge and scalar fields [28] [29] [30] [31] [32] [33] . However all these results depend on certain assumptions of bulk metric elements and bulk Einstein equation under some simplified conditions, for example in presence of homogeneity and isotropy.
There exist an elegant way in which effective field equation for gravity on a lower dimensional spacetime can be obtained. This involves use of geometric quantities like metric, curvature induced on the brane from bulk. Using these induced geometric quantities it is possible to arrive at a relation between the bulk curvature tensor and the brane curvature tensor, known as Gauss-Codazzi equation [34, 35] . From various contractions of the Gauss-Codazzi equation we can determine the effective field equation on the brane by relating bulk Einstein tensor to that on the brane.
This approach was applied in order to obtain the gravitational field equation on the brane from a 5-dimensional bulk in [36] . The effective equation contains non-local terms inherited from the bulk. Subsequently starting from the effective field equation derived in [36] a class of vacuum solutions has been obtained in [17] , which has been further generalized in [37] .
It is strongly believed that general relativity is only a low energy approximation of some underlying fundamental high energy theory [38, 39] . This suggests that Einstein-Hilbert action in high energy limit, should be modified by introduction of higher curvature terms. Such an alternative theory is the f (R) theory, where R is the bulk Ricci scalar. This theory has been studied extensively in the context of solar system tests, inflationary paradigm, late time cosmic acceleration along with possibility of detecting gravitational waves [40] [41] [42] [43] [44] . Moreover two-brane models, due to the presence of f (R) term in the bulk has also been a topic of discussion recently in collider physics [45] [46] [47] relating to the absence of graviton Kaluza-Klein Modes in LHC.
The above approach of obtaining effective gravitational field equation is usually confined to Einstein gravity on the 3-brane alone. This subsequently has been generalized to obtain effective field equation on the 3-brane when the bulk contains f (R) gravity. This effective field equations has been used in [48] to obtain vacuum solution in f (R) bulk.
In this work, we generalize the above setup by working in an n-dimensional bulk and then obtaining effective equation on an (n − m)-dimensional brane where m can take any values. This seems natural from a string theory view point, where the universe is 11-dimensional, while our universe is a 3-brane with 4-spacetime dimensions. Following this argument we have derived effective gravitational field equation on a (n−m)-dimensional brane embedded in a n-dimensional bulk. We start with a n-dimensional bulk spacetime and then derive the effective field equation on a (n − 1)-dimensional brane, which can then be used as the starting point to derive effective field equation on a (n − 2)-dimensional brane. Having obtained the effective field equation on the (n − 2)-dimensional brane one can easily recognize the pattern of obtaining the effective field equation in any arbitrary lower dimensional surfaces. Thus following the road from ndimensional bulk to (n − 2)-dimensional brane, we can obtain the effective field equation on (n − m) dimensional brane as well. The above analysis can be easily generalized to f (R) gravity model in the bulk following the analysis presented in [48] .
The paper is organized as follows: In Sec. 2 we have elaborated the derivation of effective field equation for Einstein gravity. First, in Sec. 2.1 we present the derivation of effective field equation in (n − 1)-dimensional brane, which is subsequently generalized in Sec. 2.2 to (n − 2)-dimension. Following the pattern we obtain the effective gravitational field equation in (n − m)-dimensional brane in Sec. 2.3. This result has been generalized for f (R) gravity model in Sec. 3. Finally we provide an application of our results in Sec. 4 before concluding with a discussion.
Throughout the paper, we maintain the following convention: all Latin letters a, b, . . . run over all the n spacetime indices, Greek letters α, µ, . . . run over the (n − 1) spacetime indices. Finally capitalized Latin letters A, B, . . . run over the (n − 2) spacetime indices.
Effective Field Equation In Einstein Gravity: Background and Formulation
Hamiltonian formulation in general relativity comes up with the (1+3) splitting of the spacetime, where a time direction is singled out. For this purpose we introduce a time coordinate t = t(x i ) and foliate the spacetime with such t = constant surfaces. Introducing a vector field t a = ∂/∂t we can move out of the spacetime by moving along the integral curves for t a . This involves a change in the t coordinate introducing the shift function N and change in the orientation captured by the lapse functions N α . Then N, N α yield 4 components of the Einstein tensor, while the remaining six components are being determined by induced metric on the surface h αβ . The induced metric can be obtained from the bulk metric g ab in two ways. First, we can introduce normalized normals to the surface given by: n a = −N ∇ a t and then define the induced metric as h ab = g ab − n a n b (This formulation does not work for null surfaces, for which a complete treatment has been provided in [49] ). Secondly, we can introduce coordinates y α on the t = constant hypersurface on which we can introduce surface tetrads e a α = ∂x a /∂y α and obtain induced metric as: h αβ = g ab e a α e b β . With the induced metric we can define covariant derivative on the surface and then using vectors on the t = constant surface we can introduce curvature tensor on the spatial hypersurface. The relation between 4-dimensional and 3-dimensional curvature tensor is obtained through Gauss-Codazzi equation. This can be manipulated in various ways in order to arrive at the effective Einstein's equation on the t = constant hypersurface. This procedure can be extended easily for timelike surfaces (i.e. spacelike normals) as well.
Effective Field Equation on (n − 1)-dimensional Brane
Having described the general setup let us now consider the effective field equation on a brane embedded in a higher dimensional bulk, which is the main motivation of this work. The procedure sketched above can then be applied for a generic situation where a single (n − 1)-dimensional brane is embedded in a n-dimensional bulk spacetime with Einstein gravity. For this set up the effective gravitational field equation on the (n − 1) dimensional brane can be written as (see App. A.1):
The above expression connects bulk energy momentum tensor and the extrinsic curvature to the (n − 1) dimensional Einstein tensor. Given T ab , along with surface contribution we can solve the above equation to derive (n − 1) dimensional solution.
The above effective equation is applicable to both spacelike and timelike surfaces. However for our purpose, we will need only timelike surfaces, which are the branes. Thus the basic assumption to be followed in this section is that the n dimensional spacetime can be projected on a (n − 1) dimensional brane with spacelike normal. The line element then takes the form:
The brane is located at χ = 0 on this n dimensional spacetime. Using the standard assumption that normal matter can exist only on the brane, the bulk energy momentum tensor can be written as:
where, S αβ represents the brane energy-momentum tensor and Λ n is the bulk cosmological constant. As the surface χ = 0 contain surface energy momentum tensor, the extrinsic curvature is not continuous. The discontinuity is related to the surface stress energy tensor through the following relation:
where [K αβ ] and [K] denote jump in K αβ and K across the χ = 0 surface. Thus we obtain the jump in the extrinsic curvature which after imposing Z 2 symmetry, has the expression
From the extrinsic curvature we can contract both the indices to obtain a scalar. This scalar K corresponding to each side of the χ = 0 hypersurface is represented by K ± . Therefore from Eq. (5) it has the expression:
. Using both the expressions for K αβ and K we finally arrive at the following identities:
In order to proceed further we need to decompose the brane stress-energy tensor in two parts. One of them involves the brane cosmological constant while the other provides matter stressenergy tensor on the brane. Implementation of this separation leads to,
where, σ represents the brane tension. Next we substitute this decomposition of S αβ into the above expressions involving extrinsic curvature. This ultimately leads to,
Eqs. (3) and (11) now need to be substituted in Eq. (1) in order to obtain the final form of the effective equation on the brane. After the substitution the effective Einstein equation on the brane takes the form
where we have introduced the second rank tensor Π αβ as:
After rewriting Eq. (12) can also be presented in a more compact form, which can be expressed as:
where the energy momentum tensor T αβ has the expression:
In the above expression Λ n−1 represents the (n − 1)-dimensional cosmological constant which has the expression,
This generalizes the expression for the effective cosmological constant on a lower dimensional hypersurface embedded in a higher dimensional bulk. For n = 5 we retrieve fine balancing relation of the Randall Sundrum single brane model [36] . Thus this formalism, with a negative n-dimensional cosmological constant can provide a solution to the cosmological constant problem by tuning the brane tension such that Λ n−1 = 0. In which case the brane tension can be obtained as:
Note that once the (n − 1)-dimensional cosmological constant has been set to zero it will remain zero in all the lower dimensional branes. Also G n−1 is the (n − 1) dimensional gravitational constant having the expression,
Having discussed the effective gravitational field equation in (n−1)-dimension, we will now move one more step by deriving effective field equation in (n − 2)-dimensional spacetime.
Effective Field Equation on (n − 2)-dimensional Brane
Similar analysis can be performed while obtaining effective field equation on the (n − 2) dimensional brane starting from the (n − 1)-dimensional spacetime. The field equation in the (n − 1) dimensional spacetime can be used which ultimately leads to the following expression for effective field equation in (n − 2) dimensions as (see App. A.2):
This expression represents the effective Einstein's equation in an (n − 2) dimensional spacetime. Our next task is to rewrite the above equation in terms of various components of energy momentum tensor, especially the extrinsic curvature components. Let us now try to match our solutions to that of (n− 2) dimensional brane energy momentum tensor. As usual we assume the following form of metric ansatz,
where q AB is the induced metric on the (n − 2)-dimensional brane. Following the previous derivation of effective field equation here also we divide the energy momentum tensor, τ αβ in two parts, t αβ pertaining to (n − 1) dimensional brane and ξ AB as energy momentum tensor in the (n − 2) dimensional brane. Thus we have the following relation,
where Σ is the brane tension and ν AB is the brane energy momentum tensor. Then the tensor ξ AB can be obtained from the discontinuity of the extrinsic curvature from the relation,
The jump in the extrinsic curvature by imposing Z 2 symmetry can be obtained in terms of ξ AB as,
Having obtained the extrinsic curvature, the scalar K can be obtained by contraction with q AB . This has the expression:
. We therefore arrive at the following expressions for various combinations of ξ AB as they appear in effective field equation:
This enables us to write an expression for the extrinsic curvature contractions in terms of ξ AB , which can further be simplified in terms of ν AB following the above identities as:
It now just needs some rearrangement to write down the effective field equation on the (n − 2) dimensional brane. After inserting all relevant expressions and then rearranging the effective Einstein's equation on this (n − 2) dimensional brane we obtain,
where, we have introduced, the following quantities,
The effective equation can be written in conventional form after some algebraic manipulations such that:
where energy momentum tensor T AB has the expression:
Here, we have introduced the following two objects for notational simplicity,
where Λ n−2 and κ n−2 can be interpreted as the (n − 2)-dimensional cosmological constant and (n − 2) dimensional gravitational constant respectively. However for the case, in which t αβ = 0, i.e., the bulk energy momentum tensor vanishes, the above equation gets simplified to,
where T AB has the simplified form:
Thus the structure of effective field equation in (n − 2)-dimensional brane for vanishing bulk energy momentum tensor is mostly identical to the (n − 1)-dimensional counterpart except for the Weyl curvature parts. The structure of the effective equation should be quiet evident at this stage, which we are going to exploit later to obtain effective field equation in (n−m)-dimensional brane.
Generalization to (n − m)-dimensional Brane
Having discussed the effective gravitational field equation in (n − 2)-dimension starting from n-dimension through a two step decomposition, it is now time to consider the generalization of the effective field equation for gravity to (n − m)-dimension. This can be obtained following the analogy of previous results. The final expression for effective field equation in (n − m) dimension is:
where the energy momentum tensor has the following expression:
with the following identifications:
However it may be observed that in the situation where there is only matter on the (n − m)-dimensional brane but not on the other higher dimensional branes, all the additional terms vanishes except the Weyl tensor part. If the bulk spacetime is assumed to be AdS then the Weyl tensor can taken to be zero, in which case the effective field equation takes a simplified form:
Thus in this simple situation the effective field equation has contribution from (n−m) dimensional cosmological constant, energy momentum tensor on the brane and higher order correction terms originating from Υ AB . Having derived the effective field equation in Einstein gravity let us now consider the identical situation in f (R) gravity as well.
Generalization to bulk f (R) gravity
In recent years modifications of Einstein-Hilbert action by higher curvature terms is a subject of great interest. A very promising candidate among such modifications is the f (R) gravity theory. The modifications introduced by the f (R) term in the Lagrangian can address variety of problems. This theory also has the potential to survive all known tests of general relativity. It is therefore worthwhile to explore the nature of the effective gravitational field equation on a brane where the bulk is endowed with f (R) gravity.
Effective Field Equation on the (n − 1)-dimensional Brane
We consider a n-dimension bulk spacetime endowed with f (R) gravity. Following the standard procedure i.e., starting from the Gauss-Codazzi equation, subsequently using the Z 2 symmetry, we can obtain effective gravitational field equation on the brane. This has already been derived earlier in the context of a 4-dimensional brane embedded in a 5-dimensional bulk (see [48] and the references therein). The effective gravitational field equation on the (n − 1)-dimensional brane turns out to be:
where the stress-energy tensor T (n−1) µν appearing on the right hand side can be decomposed into several small pieces. These include effective (n − 1)-dimensional cosmological constant induced from the n-dimensional cosmological constant, brane energy momentum tensor and its higher order contribution. Also due to the presence of f (R) gravity in the bulk there is an extra term and all these terms along with the non-local bulk Weyl tensor turns out to be:
where the additional term due to f (R) gravity is Q µν . This additional term Q µν has the following expression:
Note that in the Einstein-Hilbert limit i.e. f (R) → R the above term identically vanishes and the effective equation reduces to Eqs. (14) and (15) . In the expression of the energy momentum tensor, Λ n−1 is the (n − 1)-dimensional brane cosmological constant (for explicit expression see Eq. (16)), τ µν is the brane energy momentum tensor, π αβ contain higher order terms like τ µ α τ βµ etc. (see Eq. (13) for detailed expression). Finally E µν represents the non-local bulk effect.
In order to simplify the expression for Q µν , we can impose some assumptions. The simplification can be significant with the choice: ∂ µ R = 0. Then using Taylor series expansion of bulk curvature R around y = 0 hypersurface leads to: R = R 0 + R 1 y + R 2 y 2 /2 + O(y 3 ). As we have assumed that the bulk curvature depends only on the extra dimension y, all the coefficients appearing in the Taylor series expansion are constants. Hence we can conclude that all the derivatives calculated at y = 0 yield a constant contribution which does not depend on any of the brane coordinates. In this case we can rewrite the stress-energy tensor as:
where we have an effective cosmological constant,
Thus the cosmological constant gets modified due to f (R) gravity in the bulk leading to an additional constant term F (R) to the induced cosmological constant Λ n−1 . This can provide a possible explanation to the cosmological constant problem by fine tuning Λ n−1 with F (R) term where the quantity F (R) has the following expression:
Having derived the effective gravitational field equation in (n − 1)-dimensional brane we will now write down the counterpart of this relation in (n − m)-dimensional brane as well.
Generalization to (n − m)-dimensional Brane
In this section we will generalize the above setup to an arbitrary lower dimensional hypersurface, namely, the (n − m)-dimensional brane. This can be done easily by taking a cue from the discussion in Einstein gravity. The effective field equation in the (n − m)-dimensional brane leads to the following expression:
with the following expression for the energy-momentum tensor as:
Here Λ n−m is the induced brane cosmological constant, τ (n−m) AB represents the brane energy momentum tensor and Υ (n−m) AB is the higher order term. All the other extra terms originate from the effect of higher dimensional energy momentum tensor, f (R) gravity and non-local effects from the bulk. However just as in the previous section in this case also we can simplify the expression further by assuming that bulk curvature depends only on the extra dimension y. Also if we assume that there is no energy momentum tensor on the higher dimensional branes and the bulk is AdS, then Weyl tensor vanishes identically. The effective gravitational field equation, then takes a particularly simple form. In this case following [48] , we arrive at:
where Λ n−m has to be constructed from Λ eff = Λ n−1 − F (R) by standard procedure illustrated for Einstein gravity. Thus in this case the effective equation would be identical to that obtained from general relativity, except for a modified cosmological constant. Also
is the matter energy-momentum tensor on the (n − m)-dimensional brane, with Υ (n−m) AB being its higher order extension. This completes our discussion on effective equation. However as an illustration we will consider a simple application of our work in a cosmological context in the next section.
An Application
Having discussed effective field equation in both Einstein and f (R) gravity theory on a lower dimensional hypersurface we apply this in a cosmological context. As an illustration we start with 6-dimensional bulk spacetime and try to obtain a cosmological solution from effective field equation on a 4-dimensional brane for Einstein's gravity. In order to obtain analytical solution for simplicity we assume E ab = 0 i.e. contribution from electric part of Weyl tensor is vanishing. Then effective field equation in 4-dimension takes the following form: In this expression along with brane energy momentum tensor τ AB and its higher order term Υ AB , two additional contribution from 5-dimensional matter energy-momentum tensor is present. We assume that the brane is filled with perfect fluid with the following form for the energymomentum tensor on the 4-dimension as:
where ρ represents energy density of the matter fields and p yields its pressure. The energymomentum tensor in 5-dimension is taken to be pressure free dust, such that its energy momentum tensor has the simple form:
where the subscript '5' indicates that it is matter from 5-dimensional brane. Thus we arrive at the following expression for the higher order components:
Having obtained all the components in the above effective field equation, we can obtain the effective field equation itself. Both the time-time and spatial components of effective equation lead to:
For notational convenience we will write κ 2 4 Λ 4 = Λ eff . Also for the bulk matter we have ρ 5 = (ρ 5,0 /ℓ)(1/a 3 ), where ℓ represents the finite length of the 5-dimensional brane coordinate. Also if we assume that the matter in the 4-dimensional brane is also pressureless then we have the following expression for the Hubble parameter:
where ρ 0 represents the value of energy density in the present epoch and ρ 5,0 represents the same for 5-dimensional matter. The above expression for Hubble parameter can be simplified and arranged properly leading to: 
Then following the techniques developed in [50] we can introduce three constants, namely:
such that we obtain the following solution to the scale factor as:
Though the solutions has a complicated appearance, we can impose certain conditions under which the solutions simplifies substantially, yielding clearer physical insight. For that purpose we consider the situation Λ eff = 0. This would be true for matter dominated epoch of the universe, which can be achieved if we assume the 5-dimensional cosmological constant to be negative, such that:
. Under this condition the Hubble parameter from Eq. (60) turns out to be,
If we assume that ρ represents energy density of non-relativistic matter we arrive at the following differential equation 
leading to the following solution for the scale factor:
It is clear from the above expression that the universe undergoes a transition in the expansion rate. The time scale when this happened depends on whether the brane matter energy dominates over the bulk matter or not. Below we present the result for timescale of transition for both the situations:
Thus at early universe we have a high energy regime, where a ∼ t 1/3 , while at late time low energy regime the scale factor variation with time modifies to a ∼ t 2/3 , which is the standard evolution of the matter field. Above we have illustrated a particular choice, however we could have chosen several other assumptions which can lead to different results, showing the complexity and rich structure of these brane world cosmological scenarios.
Thus with matter present in the 5-dimensional brane we can have standard cosmology with proper scaling of the scale factor with time. Moreover from the effective field equation it is clear that the 5-dimensional matter adds to the 4-dimensional one and enhances the total nonrelativistic matter content of the universe (4-dimensional brane we live in). Hence matter fields present in the extra dimension can act as a viable source of dark matter (a related issue has been addressed in [51] ). Also structure of angular power spectrum, perturbation in this multiple extra dimension scenario can lead to interesting and important results by providing constraints on various parameters in this models. This is a work under progress and the results will be presented elsewhere.
Discussion
Motivated by the success of extra dimensional models to explain various physical problems, e.g., hierarchy problem, cosmological constant problem in this work we have considered a very general higher dimensional model. Starting from Einstein's theory in the bulk, which is taken to be ndimensional we construct various induced objects on an (n − 1)-dimensional hypersurface, called brane. Using the Gauss-Codazzi equation and by imposing Z 2 symmetry we have derived the effective field equation in (n − 1) dimensional brane. In the limit when n → 5 we reproduce earlier results. Having accomplished the job of obtaining the effective field equation in (n − 1) dimension, we go one step further. Extending this analysis, the effective field equation in (n− 2)-dimensional brane is derived. This in turn helps us to write down the effective field equation on any arbitrary (n − m)-dimensional brane. This provides a complete generalization of existing set up, by providing effective field equation in any lower dimensional hypersurface. We generalize this analysis further by incorporating f (R) gravity in the bulk instead of Einstein's gravity.
In f (R) gravity also we follow the same procedure by relating geometrical objects like extrinsic curvature, Riemman curvature in the n-dimensional bulk with the (n − 1)-dimensional brane. In this case as well from the structure of the effective equation we can immediately generalize the set up on an arbitrary lower dimensional hypersurface as well.
Having derived all the necessary theoretical ingredients, we consider a possible application of our results. As an illustration, we consider a 6-dimensional bulk spacetime in which a 4-dimensional brane is embedded. We have taken the 5-dimensional sub-manifold to contain matter, which changes the energy momentum tensor of the effective field equation on the 4-dimensional brane. Starting from the effective field equation we have solved for the scale factor and have shown that the standard cosmology to be an inherent and natural consequence of our model. Finally we comment on the possibility of the bulk matter as a possible candidate of dark matter in the lower dimensional brane.
A Appendix: Detailed Calculations
In this section, we provide some detailed expressions, which have been used in the main text for arriving at various results.
A.1 Identities for the Derivation of (n − 1) Dimensional Effective Field Equation
The starting point of obtaining the effective field equation is the Gauss-Codazzi equation, which relates the (n − 1)-dimensional curvature tensor to n-dimensional curvature tensor. For our purpose these two tensors are related through the following relation:
where we have used the definition:
with ǫ = n i n i . Contraction of Eq. (69) with the (n−1) dimensional metric h αβ = e a α e b β (g ab − ǫn a n b ) leads to the connection between (n − 1) dimensional Ricci tensor to n dimensional curvature tensor as,
The Ricci scalar can now be obtained as,
The above relation can be further simplified by using an identity for (n) R ab n a n b , which can be written as:
Then we obtain (n) R in terms of (n−1) R as:
The relation between (n − 1) dimensional Einstein tensor and n dimensional Riemann tensor is therefore given by
The Riemann tensor can be decomposed into Ricci tensor, Ricci scalar and Weyl curvature tensor in n dimension as,
which suggests,
Then substitution of the above equation in Eq. (75) leads to,
where we have defined,
This yields the n dimensional Einstein equation, with the following expressions:
We therefore have the following expression 
This is the result used in Sec. 2.1.
A.2 Identities for the Derivation of (n − 2) Dimensional Effective Field Equation
We start with the connection between (n − 2) dimensional curvature tensor and (n − 1) dimensional curvature tensor as, 
where we have the extrinsic curvature on the (n − 2) dimensional surface as: K AB = e 
On further contraction we arrive at the following result, (n−2) R = q AB (n−2) R AB
Then we can use Eq. (73) to obtain an identical relation for (n−1) R αµ s α s µ . This leads to the relation:
which on using Eq. (74) yields:
In order to obtain the effective equation on this (n − 2) dimensional surface we need various contractions of the Riemann tensor. For that purpose we start with the following identity, 
Now instead of (n−1) R αβ , we can use the following relation: (n−1) R αβ = (n−1) G αβ + 
Using this expression in Eq. (88) leads to the effective field equation in (n − 2)-dimension, which is presented in Sec. 2.2.
